We analyze the non-Gaussianity for primordial curvature perturbations generated in multi-scalar slow-roll inflation model including the model with non-separable potential by making use of δN formalism. Many authors have investigated the possibility of large non-Gaussianity for the models with separable potential, and they have found that the non-linear parameter, fNL, is suppressed by the slow-roll parameters. We show that for the non-separable models fNL is given by the product of a factor which is suppressed by the slow-roll parameters and a possible enhancement factor which is given by exponentials of quantities of O(1).
I. INTRODUCTION
Inflation has been widely recognized as a standard mechanism for generating primordial density perturbations which seed the structure formation of the universe and the cosmic microwave background(CMB) anisotropies. In the simplest single-field inflationary universe scenario, primordial fluctuations are created by vacuum fluctuations of the inflaton. However, in constructing realistic inflation models based on supergravity, it seems more natural to consider that the energy scale of inflation is much lower and that the scalar field may have multi-components during inflation. The discrimination of the simplest single-field inflation model from the other low energy inflation models will be most clearly done by the future observation of CMB B-mode polarization [1, 2, 3] . The simplest single-field model predicts high energy scale of inflation. Thus the amplitude of the tensor perturbation is large and is expected to be observed soon. In contrast, in the case of low energy inflation models, the tensor perturbation is negligibly small. Therefore no primordial tensor perturbation will be detected.
Recently, the non-linearity (non-Gaussianity) of the primordial perturbations also has been a focus of constant attention by many authors [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . The main reason for attracting much attention is that meaningful measurement of this quantity, which brings us valuable information about the dynamics of inflation if detected, will become observationally available in near future. In order to parameterize the amount of non-Gaussianity of primordial perturbations, commonly used is a non-linear parameter, f N L , which is related to the bispectrum of the curvature perturbation [15] .
Meanwhile, in the single field slow-roll inflation it is found that f N L is suppressed by slow-roll parameters to undetectable level [5, 11] . But, for example, in the curvaton scenario [16, 17] , it is predicted by many authors [18, 19, 20, 21] that there is a possibility of large non-Gaussianity enough to be detectable by future experiments, such as PLANCK [1] , which is expected to detect the non-linear parameter if |f N L | 5 [15] . In curvaton scenario, primordial curvature perturbations are sourced by isocurvature perturbations related to the vacuum fluctuations of a light scalar field (other than inflaton), called curvaton, which is an energetically subdominant component during inflation. As the energy density of the universe drops after inflation, the fraction of this component becomes significant. Then, through the process that the curvaton decays into radiation after inflation, the curvaton isocurvature perturbations are converted into curvature (adiabatic) perturbations. Curvaton scenario predicts nearly scale invariant spectrum as in the case of the standard inflation scenario, but a large value of f N L is possible in this scenario. For the multi-scalar field inflation, however, the possibility of generation of primordial non-Gaussianity has been studied only for the models with the separable potential within the slow-roll approximation [22, 23, 24, 25, 26, 27] . For such models with separable potential, it was predicted that f N L is suppressed by slow-roll parameters as long as slow-roll conditions are satisfied.
In this paper, we analyze the primordial nonGaussianity in multi-scalar field inflation models without specifying the explicit form of the potential. What we assume is just the slow-roll conditions. To obtain an analytic formula for f N L written in terms of the potential of scalar fields, we apply δN formalism [28] extended to non-linear regime [11, 29] .
In section II A we briefly review the power spectrum and the bispectrum which is related to the two-and three-point correlation functions of the curvature perturbations respectively and we define the non-linear parameter, f N L . In section II B we review how the non-linear parameter can be described in the δN formalism which was proposed in Ref. [11] . In section III we show how one can obtain an analytic formula for f N L in terms of the potential of the scalar field in slow-roll approximation. We also discuss the possibility of generation of a large amplitude of the primordial non-Gaussianity in multiscalar slow-roll inflation. We give a summary in section IV.
II. NON-LINEAR PARAMETER fNL AND δN FORMALISM
A. Power Spectrum and bispectrum
In this subsection, we briefly review the power spectrum and bispectrum of curvature perturbations and define the non-linear parameter, f N L , following Ref. [11, 12] . We consider a minimally coupled D-component scalar field whose action is given by
where V (φ) represents the potential of the scalar field. As a gauge invariant perturbation variable, we choose the curvature perturbation on a uniform density hypersurface, ζ. If the perturbation is pure Gaussian, its statistical properties are characterized by its power spectrum, P ζ , defined by
where ζ k represents a Fourier component given by
What we consider in this paper is the non-Gaussian curvature perturbation given in the form [4, 5] ,
where f N L is called the non-linear parameter and ζ G satisfies Gaussian statistics. The power spectrum of ζ is identical to that of ζ G , i.e. P ζ = P ζG , and non-linear part, − 
In the present case, the bispectrum B is expressed as
where
In this subsection we briefly review the δN formalism and show a simple formula for f N L , following Ref. [28, 29] and [11] .
The background e-folding number between an initial hypersurface at t = t * and a final hypersurface at t = t c is defined by N ≡ Hdt .
Here, we assume that the time derivative of φ I (t) is not independent of φ I (t) as in the case of standard slow-roll inflation, and then we can regard N as a function of the homogeneous background field configuration φ I (t * ) on the initial hypersurface at t = t * and φ I (t c ) on the final hypersurface at t = t c ,
Let us take t * to be a certain time soon after the relevant length scale crossed the horizon scale, and t c to be a time when the complete convergence of background trajectories in the phase space of the D-component scalar field has occurred. At t > t c the history of the universe is labelled by a single parameter. Then, it is well-known that the curvature perturbation on a uniform density hypersurface, ζ, becomes constant in time on super-horizon scales. Thus, in the estimation of the spectrum, what we need is only the final value of the curvature perturbation ζ(t c ). Based on the δN formalism, ζ evaluated at t = t c is given by δN (t c , φ I (t * )), where we substitute φ I (t c ) with t c because we have taken t c to be a time when the background trajectories have converged.
The relation between ζ and δN up to the linear order is given in Ref. [28] , and its non-linear extension is given in Ref. [29] , (See also [9] ). Up to second order the relation becomes
where ≃ means the use of the super-horizon approximation, and δφ I * represent the field perturbations on the initial flat hypersurface at t = t * . We have also defined N * I = N I (t * ) and N * IJ = N IJ (t * ) with
Substituting Eq. (4) into Eqs. (1) and (3), we find that the non-linear parameter f N L defined by Eq. (2) is given by [11, 24] 
where the indices are lowered and raised by using the Kronecker's delta like
Here we have assumed that the field perturbation on the initial flat hypersurface, δφ I * , is Gaussian [30] , and we have neglected the logarithmic term appearing in Ref. [11] because this term is suppressed by the power spectrum of curvature perturbation, P ζ ∼ 10 −10 .
III. NON-LINEAR PARAMETER IN MULTI-SCALAR SLOW-ROLL INFLATION
A. Background equations in slow-roll regime Using the background e-folding number as the time coordinate, the background equation is obtained as
The background Friedmann equation is given by
We define the slow-roll parameters in terms of the potential of the scalar field as
Hereinafter, we assume ǫ ≪ 1 and |η IJ | ≪ 1, which we call "relaxed" slow-roll conditions (RSRC).
[31] Under these conditions, the background equations reduce to
In most cases, the complete convergence of background trajectories in phase space of the D-component scalar field occurs after the RSRC are invalidated. Under the present approximation, therefore, we can not evaluate ζ(t c ), the curvature perturbation on a uniform density [30] In Ref. [6, 17] , the authors have calculated the non-Gaussianity of the field perturbations on the initial flat hypersurface, δφ * , and they concluded that the non-Gaussianity will not be large when the "src" are satisfied. Here we assume the slow-roll approximation, so it does not seem so bad to neglect the contribution of the non-Gaussianity of δφ * to f NL . [31] In the "standard" slow-roll approximation, one assume that ǫ ≈ |η IJ | ≪ 1. Here, we do not assume the relation between the order of ǫ and that of η IJ .
hypersurface after the convergence of trajectories. In this paper, we concentrate on the non-Gaussianity of the curvature perturbation generated during the RSRC phase. For this purpose, we introduce t f , a time at which the RSRC are still satisfied. We divide the process of evaluating ζ(t c ) into two parts: (i) evaluation of
, the e-folding number to reach N + N (N c , φ  I (N ) ), by definition, is equal to N c and is constant independent of N . Therefore one can say
where δφ
. Our formulation does not apply for the curvature perturbation generated after the RSRC are violated. Postponing the evaluation of this part to the future issue, we study how one can express δφ 
Taking the variation of Eq. (6), we obtain
with
.
Let us consider the conditions under which we can use Eqs. (9) and (10) . Differentiating Eq. (9) with respect to N , we have
If we consider the minus of Eq. (11) as the corrections to the r.h.s. of Eq. (9), we naively give an estimate for the correction to δ
From this expression, in order that Eq. (9) is a good approximation, the conditions
and
must be satisfied. If we define a small parameter ξ by
we can estimate the duration of inflation measured in N as
Then, roughly speaking, the conditions, (13) and (14), reduce to
Differentiating Eq. (10) with respect to N , we also have
In the same way, the condition in which we can neglect the contribution of the second derivative, becomes
Thus, in order to use the approximate equations, Eqs. (9) and (10), the required conditions are
and Eq. (16) for a small parameter ξ, and we redefine RSRC by these required conditions. These equations are D-component coupled differential equations. In general, we cannot solve Eqs. (9) and (10) analytically. We give a formal solution of Eq. (9) as
where T means the time-ordered product. We also give the formal solution of Eq. (10) as
Substituting these solutions to Eq. (8), we obtain
Comparing this expression with Eq. (4), we find that N * I is expressed as
Substituting the above relations into Eq. (5), and using φ I * φ J * ∝ δ IJ , we finally obtain a very concise formula for the non-linear parameter
where we have introduced a new vector
Eq. (22) is the main result of this paper. If we directly evaluate the formula (5) for the non-linear parameter f NL , we need to calculate (2) φ I (N f ) as functions of φ J * . Namely, we need to compute the coefficients
However, our final expression (22) does not request to compute the evolution of such a quantity that has three indices. Instead, we only have to deal with vector-like quantities N I (N ) and Θ I (N ), which are obtained by solving
The boundary condition for N I (N ) is given at N = N f and that for Θ I (N ) is given by
When a specific model is concerned, one can numerically evaluate f N L by using the above formula rather easily. We first numerically integrate N I (N ) backwards in time until the initial time N * , then the initial condition for Θ I (N ) is given by (25) . Solving Eq. (24), we obtain Θ I (N ). Finally, substituting these results into the formula (22) and integrating over N ′ , one obtain f N L .
C. non-linearity generated until N = N f
Here we evaluate ζ(N f ), the curvature perturbation on a uniform density hypersurface evaluated at N = N f . To do this, we use the following fact. It has been shown that perturbation of the background trajectories δφ I (N f ) can be interpreted as the perturbation in a particular gauge, which we call N -constant gauge [29] . Furthermore, it has been also shown that, under the assumption that one can neglect purely decaying mode contribution, N -constant gauge is equivalent to the flat slicing. Therefore δφ I (N f ) can be recognized as the field perturbation on the flat slicing at N = N f . In the slow-roll regime, the uniform energy density hypersurface is approximately the same as the V = constant hypersurface, since ρ = V + O(ǫ). Then, ζ(N f ) is evaluated by the time shift δN necessary to transform to the V = constant hypersurface from the flat slicing. This leads to the relation
From this equation, we can obtain the relation between δN = ζ(N f ) and δφ I f . Up to second order, Eq. (26) can be expanded as
where we have used the equation of motion for φ I (N ), Eq. (6), and its time derivative
Solving Eq. (27) for δN up to second order in δφ, we have
where we have used Eq. (9) . From this expression, we find that one can apply the formula obtained in the preceding subsection with the identification
In the present case the analytic formula for the non-linear parameter, f N L , can be written down more explicitly as
Here we have used the relationΘ
In the single field case this result, Eq. (29) corresponds to the well-known simple formula given in Ref [12] (see Appendix A). Under the condition that N -constant hypersurface is identical to V =constant hypersurface, it can be shown that ζ(N f ) becomes independent of N f , and so is f N L . (see Appendix B).
We discuss here the rough order estimate of the above expression. Here we assume Eqs. (16), (17) and (18) 
IV. DISCUSSION & CONCLUSION
We have studied the primordial non-Gaussianity in D-component scalar field inflation models for arbitrary potential under the slow-roll approximation by making use of the δN formalism. We obtained a concise analytic formula for the non-linear parameter, f N L , written in terms of the potential of the scalar field. The obtained formula (22) has non-local terms, the terms written by an integral over N ′ and the terms containing Θ I , which implicitly contains partial information of Λ ∼ T exp dN ′ P . Here Λ and P are a D × D matrix and T represents the time-ordered product. Explicit form of P I J is given in (9) . It is remarkable simplification that our final expression (22) is written by D vector quantities, N I and Θ I . Our formula is valid when
, where we defined ξ by V I /V = O(ξ). In this case, we find that f N L is smaller than O(1), under the assumption that N I and Θ I stays of O(ξ −1 ), even in the case of multiscalar inflation with non-separable potential. We also find that f N L is suppressed by the slow-roll parameter, ǫ, in the standard slow-roll inflation, where η IJ = O(ǫ) and V IJK /V = O(ǫ 3/2 ). Under this assumption, primordial non-Gaussianity does not become large enough to be detectable by future satellite missions for the cosmic microwave background (f N L ≥ 1), such as PLANCK.
However, it is not clear if this assumption is guaranteed in general. In the standard slow-roll inflation, the exponent in the expression of Λ also becomes O(1). Hence, Λ itself can be much larger than unity. As a future work, we will investigate various possibilities of generating large non-Gaussianity in multi-scalar inflation by constructing explicit models.
Another possibility to generate detectable nonGaussianity is to relax the conditions, η IJ ≪ O(ξ) and V IJK /V ≪ O(ξ). Observations currently constrain the magnitudes of the first and second derivatives of the potential in the direction along the background trajectory, but the second derivatives of the potential in the direction orthogonal to the background trajectory or the third derivatives of the potential might be larger.
In this paper we imposed the conditions that the derivatives of potential in all directions in field space are sufficiently small. We can relax these conditions still keeping all the observational constraints satisfied. We will also analyze such possibilities in a future work by extending our formalism to non slow-roll cases.
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APPENDIX A: SINGLE FIELD SLOW-ROLL CASE
In the single field slow-roll case, the power spectrum is given by
In this case, using the slow-roll parameters we can write Λ as Then the power spectrum evaluated at horizon crossing time becomes
This is consistent with a standard formula.
In the single field slow-roll case, the non-linear parameter, f N L is simply given by
where N φ = ∂N/∂φ. Since the e-folding number is given by
we obtain
Thus we have a simple formula as [12]
Let us reproduce the same result by using our formula. In the single field case our formula (29) reduces to
This agrees with the formula given by Eq. (A1).
APPENDIX B: CONSTANCY OF δN
In the subsection III C, we have evaluated ζ(N f ), the curvature perturbation on a uniform density hypersurface evaluated at N = N f . If N (φ, N c ) =constant surface is identical to V −constant surface at N = N f , we have ζ(N f ) = ζ(N c ). If it is always the case that N −constant surfaces in the configuration space are identical to V −constant ones around φ I =
φ I (N f ), we have ζ(N ) = ζ(N c ) for any N close to N f . Hence, ζ(N ) becomes independent of N .
